In this paper we study a generalization of the Hubbard model by considering spin-spin interactions described by the exchange constant J. An external magnetic field is also taken into account. In the narrowband limit and for the 1D case, we present the exact solution obtained in the framework of the Green's function formalism, using the Composite Operator Method. We report the T = 0 phase diagram for both ferro (J > 0) and anti-ferro (J < 0) couplings. The competition of the different energy scales (U, J, and ; being U the local charge interaction) generates a variety of phases and different charge and spin orderings. 
Introduction
For almost fifty years the Hubbard model (HM) [1] remains one of the most popular models in the field of condensed matter physics. It has been proposed as a minimal model to explain ferromagnetism [2, 3] , stripe order [4] , paramagnetism [5] , metal-insulator transition [6] , and hightemperature superconductivity [7] . In the limit of strong repulsive interaction and close to half-filling, the HM reduces to a nearest-neighbor (NN) effective exchange in-teraction model supplied with a correlated hopping term -the so called − J model [8, 9] . However, when the magnetic properties of a system in the vicinity of metalinsulator transition are of concern, both on-site repulsion and NN exchange interaction are important. Thus, one naturally arrives to the so-called − U − J model. This model has been extensively studied in the last years e.g. in connection with the exotic spin liquid states (RVB [7] or gossamer [10, 11] ), or the proximity effects of magnetic and superconducting orderings in (TMTSF) 2 [14] , UGe 2 [15] and others. While the Hubbard model becomes integrable in the onedimensional (1D) case [16, 17] , so does the 1D −J model, although in the sole super-symmetric point J = 2 [18] , the full − U − J model is in general non-integrable. In the last years, the − U − J model has been intensively studied by a variety of approximate methods. Leaving finite kinetic energy, the phase diagram within the bosonization approach has been drown in Refs. [19, 20] , while in the atomic limit ( = 0), this model has been studied by means of a variational approach treating the intra-site terms exactly and the inter-site ones within the meanfield approximation [21, 22] . On the other hand, the Composite Operator Method (COM) [23] -a well established technique in many-body theory -provides a solution for a general tight-binding model in any dimension as a set of equations for (an infinite) hierarchy of correlation functions. Such set of equations can be truncated resulting in an approximate solution. Such truncation, however, becomes unnecessary in one particular, although important, case -the narrow band ( = 0) and longitudinal exchange (J ⊥ = 0) limit. In such a case, the equation set closes and an exact solution of the model is possible. In the present article we illustrate such an exact solution for 1D system in presence of a longitudinal magnetic field. In particular, we construct the T = 0 phase diagram of the system. In the next section we introduce the model and briefly sketch the solution. Results are reported in the third section where both ferromagnetic (J = 1) and antiferromagnetic (J = −1) regimes are studied. We show that the model exhibits a plethora of different magnetic orders and coexistence of charge and spin orderings for specific values of the filling. We also report a comparison between our results and those obtained in Ref. [21] within a variational approach.
The model
Let us consider the following generalization of the wellknown Hubbard Hamiltonian:
where ( ) and † ( ) are annihilation and creation operators of electrons in the spinorial notation. We use the Heisenberg picture [ = (i )], where i is a vector of the lattice; µ is the chemical potential, and ij denotes the hopping amplitude between different sites. The operator σ ( ) = † σ ( ) σ ( ) is the number density operator of electrons at the site i with spin σ .
3 ( ) is the third component of the spin density operator defined as:
The intensity of the local Coulomb interaction is parametrized by U, represents the strength of the external magnetic field and J ij is the inter-site exchange energy matrix that provides magnetic interactions between two electrons on different sites. In this work we consider only NN magnetic interactions and restrict our analysis to 1D systems in the narrowband limit in which ij → 0. Due to this, the magnetic inter-site exchange potential J ij becomes: J ij = −2Jα ij , where α ij is the 1D nearest-neighbor projector defined as:
According to this, the Hamiltonian (1) becomes:
where ( ) = † ( ) ( ) is the total density operator and we have introduced the double occupancy operator
Hereafter, we will use the following notation in order to express a generic non local operator φ κ (i ) in terms of the local operator φ(i ) and the κ ij projector:
It is worth noting that according to particle-hole symmetry the chemical potential scales as µ(2 − ) = U − µ( ). Moreover, because of the → − and ↑ → ↓ invariance of (1), we can restrict our analysis to 0 without the loss of generality. The Hamiltonian (3) can be exactly solved by making use of the Composite Operator Method (COM) [23] , [24] . Let us define the composite operators:
Here ξ( ) = [1 − ( )] ( ) and η( ) = ( ) ( ) are the Hubbard operators. By exploiting the algebraic properties of the operators ( ) and 3 ( ), it is easy to show that the fields ψ (ξ) σ ( ) and ψ (η) σ ( ) are eigenoperators of the Hamiltonian (3):
where ε (ξ) σ and ε (η) σ are the 5×5 energy matrices which can be calculated by means of the equations of motion. The eigenvalues E (ξ ) σ and E (η ) σ ( = 1 5) of these matrices are the energy levels. The knowledge of a complete set of eigenoperators and eigenvalues of the Hamiltonian allows for an exact expression of the correlation function (CF):
In the above equations = ξ η and denotes the quantum-statistical average over the grand canonical ensemble. The Fourier transform of the CF has the expression:
where
, and the spectral density matrices σ ( ) σ are given by:
Ω ( ) σ is the matrix whose columns are the eigenvectors of the matrix ε ( ) σ . I ( ) σ is the normalization matrix defined as
While the energy matrices are exactly known, the normalization matrices depend on three unknown parameters. By making use of the translational invariance, a set of self-consistent equations can be derived in order to determine the three unknown parameters. The solution of these equations allows us to calculate the correlation functions, and therefore all the properties of the system. All of the details of the analytical framework will be reported in a forthcoming article 1 .
T = 0 phase diagram
Within the framework previously illustrated, in this Section we report a study of the ground state configurations of 
Ferromagnetic inter-site coupling
Positive values of J result in a ferromagnetic intersite exchange energy. In this case, as shown in Fig. 1 , we can identify two different phases. NM-phase. For U < −2(J + ) and 0 2 a nonmagnetic (NM) phase is observed characterized by the lack of magnetization and spin-spin correlations. The attractive local potential U prevails on both the magnetic field and the ferromagnetic coupling; there are no singly occupied sites. The double occupancy and the chargecharge correlation function depend only on the filling , while the chemical potential depends only on U; there is no dependence on the external magnetic field . This phase can be represented as an arbitrary mixture of doubly occupied and empty sites. By averaging the Hamiltonian (3), the following expression for the internal energy can be readily obtained:
F-phase. For U > −2(J + ) a ferromagnetic (F ) or-
der is established, characterized by a finite magnetization and a positive value of the spin-spin correlation function. For 1 the electrons singly occupy nearest-neighbor sites with aligned spins. The magnetization reaches its saturation value with = /2 and D(i) = 0. Above half-filling more and more sites become doubly occupied leading to a decrease of the magnetization that goes to zero at = 2 where D(i) = 1. By calculating the internal energy, we obtain:
Antiferromagnetic inter-site coupling
As shown in Fig. 2 , in the presence of an antiferromagnetic exchange interaction (J < 0) we can distinguish four different phases.
NM-phase. A non-magnetic (NM) phase, characterized
by the absence of magnetization and spin-spin correlations, is observed for U < −2J, < −2U and 0 2. The properties of this phase are the same as in the J = 1 case, described above. AF-phase. By increasing U, doubly occupied sites become energetically unfavourable. The electrons prefer to singly occupy nearest-neighbor sites; for J, the role of the exchange coupling becomes dominant resulting in an antiferromagnetic (AF ) order characterized by zero magnetization and a negative value of the spin-spin correlation function. For 0 1 the double occupancy is zero, thus all the spins are paired antiferromagnetically with 3 ( ) α 3 ( ) = − . In the range 1 2, the double occupancy becomes finite so the spin-spin correlation decreases in absolute value as 3 ( ) α 3 ( ) = − 2, while the magnetization remains zero. By calculating the internal energy we obtain:
Despite the presence of an anti-ferromagnetic exchange interaction, in the range in which the external magnetic field is strong enough to dominate with respect to J, we can distinguish two different ferromagnetic-like phases: F1-phase. For 0 0 5 we have a typical ferromagnetic configuration where the spins of the electrons are all aligned and the magnetization reaches its saturation value. However, contrary to what happens in the F-phase for J = 1, the electrons are separated by at least one empty site leading to the absence of nearest-neighbor charge-charge correlations: ( ) α ( ) = 0. As we increase the filling, for 0 5 1, ( ) α ( ) becomes finite and, at = 1, all sites are singly occupied with = 0 5 and D( ) = 0. For 1 2, by increasing the filling the double occupancy increases and the magnetization decreases as ( ) = 1 − /2. It is worth noting that, exactly at = 0 5 ( = 1 5), a charge-ordered state is established characterized by an alternation between singly occupied and empty (doubly occupied) sites. The internal energy can be expressed as follows:
For 0 5 1 5 an additional ferromagnetic-like phase can be observed in the range in which and J are comparable and for U < 0. This phase is characterized by the absence of nearest-neighbor spin correlations and by a constant magnetization ( = 1/4) induced by the presence of doubly occupied sites in between two singly occupied ones. Exactly at = 1, we observe a charge-ordered state composed by a pattern of two singly occupied sites with aligned spins and one doubly occupied site in between. The internal energy can be expressed as:
In closing this Section, we would like to compare our results with those obtained in Ref. [21] , where the same model, but in absence of magnetic field, has been studied within a variational approach. First of all, the absence of magnetic field introduces a symmetry between the ferro (J > 0) and the antiferro (J < 0) case. Owing to this reason, only the case J > 0 has been studied in Ref. [21] , where the ground state phase diagram exhibits only the two phases NM and F (or AF for J < 0). The presence of a magnetic field breaks this symmetry and we find for antiferro coupling, besides the NM and AF phases, two ferromagnetic phases F1 and F2. The ground state energy in the F phase (E F ) reported in Ref. [21] does not agree with ours, given in Eq. (11); in particular E F of Ref. [21] depends on the square of the filling and this implies that the transition between the NM and F phases depend on . Our exact solution shows that the phase diagram is independent of the value of . Another important difference is that the NM phase of Ref. [21] is thermodynamically unstable, while this is not the case for our solution. The discrepancies reported above evidence the difference between a mean field solution and an exact one.
Concluding remarks
We have obtained the exact T = 0 phase diagram of the 1D Hubbard model in the presence of an intersite mag- netic coupling J and an external magnetic field in the narrow-band limit. We note that a number of phases arise from the competition between different energy scales. In presence of a ferromagnetic coupling, for positive values of the local Coulomb potential U, a ferromagnetic (F) order is established. For U < 0 instead, there is a critical line that separates the ferromagnetic phase from a nonmagnetic (NM) one characterized by the absence of spin correlations and long range orders.
In the presence of an anti-ferromagnetic coupling instead, for low values of the external magnetic field, a NM-phase still appears for negative values of U while for U > 0 an anti-ferromagnetic (AF) order is established in which we have finite values of spin-spin correlation functions without magnetization. For both positive and negative values of U, when the external magnetic field is strong enough to dominate with respect to J, a ferromagnetic behavior is observed in the F1 and F2 phases, despite the presence of an anti-ferromagnetic coupling.
In closing this Section, we would like to remark that the model studied in this article is of some interest for a variety of aspects: ( ) An exact solution of the model can be used as a starting point for a perturbative expansion in powers of the hopping term. The exact analytical knowledge of the Green's function will be of crucial importance in such a perturbative study. This is one of our future projects.
( ) The present exact solution is an important test for various approximate approaches, as evidenced at the end of Section 3. ( ) The model is interesting from a statistical mechanics point of view; the competition of the different energy scales (U, J and ) generates a variety of phases and different charge and spin orderings, (iv) By a simple transformation [25] , the model is isomorphic to a two-level Ising-like model with on-site and inter-site spin interactions in the presence of magnetic field.
